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Abstract—Natural convection in a porous horizontal circular cylinder is considered. The cylinder wall is

non-uniformly heated to establish a linear temperature in the vertical direction, with the end sections

perfectly insulated. When L > 0.86, a unique three-dimensional flow is determined at the onset of convec-

tion. For short cylinders (L < 0.86) the convection is two-dimensional. In this case there exist two different

steady solutions at supercritical Rayleigh numbers, consisting of two and three rolls, respectively. It is

proved that both flow structures and any composition of these structures are stable. However, introducing
thermal forcing in the applied temperature the flow becomes uniquely determined.

1. INTRODUCTION

THERMAL convection in a saturated porous medium
has attracted considerable attention over the last 20
years. This interest in buoyancy induced flow and heat
transfer through porous media has been stimulated
by several important technical and geophysical appli-
cations. We mention applications in geothermal
energy recovery [1], extraction of oil and gas from
permeable rock reservoirs [2] and radioactive waste
heat removal [3].

The present study is concerned with natural con-
vection in a porous medium confined by a horizontal
circular cylinder. This problem has been studied by
Lyubimov [4]. He considered two different situations
of external heating. In one case, when the temperature
distribution was linear in the vertical direction, infi-
nitely many stable stationary solutions were found. In
the second case, when the temperature was not strictly
linear, only one stationary motion was stable. His
study is restricted to two-dimensional convection,
which seems to be consistent only for short cylinders.
Moreover, the paper contains no information about
the values of the critical Rayleigh number and the
flow patterns occurring for supercritical Rayleigh
numbers. We focus, however, our interest on the
physical interpretation of the mathematical results,
including both two- and three-dimensional con-
vection.

The mathematical formulation of the problem is
derived in Section 2. In Section 3 we analyse the mar-
ginal stability when the cylinder wall is non-uniformly
heated to establish a linear temperature distribution
in the vertical direction. For long cylinders there exists
a unique three-dimensional steady solution at the
onset of convection. For short cylinders, however, it

turns out that the convection is two-dimensional. In
this case we find two different steady solutions at
supercritical Rayleigh numbers. One of the solutions
yields a flow pattern consisting of two cells only,
whereas the other flow pattern consists of three cells.
In Section 4 we apply non-linear analysis to examine
the stability of the two different solutions. It is proved
that both flow structures are stable. In addition, it
also turns out that any composition of these two flows
is a stable non-linear solution.

In Section 5 we consider the effect of thermal forcing
applied to short cylinders. We employ the theory of
singular perturbations of bifurcations described by
Matkowsky and Reiss [5] and Tavantzis et al. [6]. Tt
is shown that small imperfections, such as thermal
forcing in the applied temperature, are sufficient to
ensure smooth transition to convection. We also find
that the perturbations of the applied temperature
uniquely determine the composite non-linear flow and
the sign of the circulation.

We notice the hydraulic analogy between the flow
in a porous medium and the flow in a narrow gap
between parallel vertical walls, i.e. Hele-Shaw cell.
Hartline and Lister [7] have shown that the governing
equations for convection in a Hele—Shaw cell are the
same as the two-dimensional version of the governing
equations, given in equations (4). Our investigations
concerning short cylinders can therefore be applied to
a circular Hele-Shaw cell.

2. GOVERNING EQUATIONS

We consider natural convection in a porous
medium confined by a horizontal cylinder of radius
ro and length L. The porous medium is isotropic,

1959



1960 L.

STORESLETTEN and M. TVEITEREID

NOMENCLATURE

A amplitude AT  characteristic temperature difference
A, Fourier coefficients v velocity
Agp. As Landau coefficients z horizontal coordinate along the cylinder
B, Fourier coefficients axis.
d derivative with respect to r, d/dr
g acceleration of gravity
G, Fourier coefficients Greek symbols
H, Fourier coefficients o wave number
] vertical unit vector b coefficient of cubical expansion
k permeability v, 8, ¢ small parameters
L length of the cylinder Oin Kronecker delta
m mode number 0 deviation from static temperature
N, even integer K thermal diffusivity
N, odd integer u constant
p pressure v kinematic viscosity
P,, Py Landau coefficients ¢ azimuthal coordinate
(0] amplitude ¥ stream function.
¥ radial coordinate
ro radius of the cylinder
Ra Rayleigh number, gfATkr,/kv Subscripts
S amplitude c critical values
t time s static values.
T temperature
T, reference temperature
T, temperature at the cylinder wall, Superscripts

T,—1/2AT sin ¢ - deviation from static values.

homogeneous and saturated by an incompressible
fluid. Cylindrical coordinates (r, ¢, z) are employed
with the origin located at one end section, with the z-
axis along the axis of the cylinder and the plane ¢ = 0
being horizontal. The cylinder wall is at a prescribed
temperature, given by

T, = Ty—3ATsin ¢ (1)

while the end sections of the cylinder are perfectly
insulated. All boundaries are assumed impermeable.
The value of AT is taken to be positive so that the
medium is heated from below. In Appendix A we have
described one situation defining a circumferential tem-
perature as given by equation (1). However, in that
specific case, we assumed that no heat exchange took
place through the cylinder wall. In the present prob-
lem we assume that the heat conductivity of the
medium inside the cylinder is small compared to the
heat conductivity of the medium (e.g. aluminium)
outside the cylinder. In that case equation (1) defines
a very good approximation of the cylinder wall tem-
perature.

If AT is sufficiently small, the heat transfer in the
porous medium will be in the form of conduction. A
steady state exists where

T=T =T,

—MT}gn¢ p=p, v=0. (2)
0

For larger values of AT, in the convective regime, we
can write

T=T,+0, p=p+p, v="V (3)

All quantities are now made dimensionless. For ex-
ample, r, z and L are scaled by the characteristic
length r,.

Invoking the Darcy-Boussinesq approximations
the convection is governed by the following equations
(the tildes are omitted):

Vp—RaBj+v =
Vev=0
a0
V0 +ivj=— +v-Vo. 4)

ot

By eliminating the velocity term on the left-hand side
we obtain

Vip— Ra(smd) +cos¢

(V*+4iRa)0— ~<sm d)a +cos ¢ — 6¢>
0

%vaﬁ 5)

At the boundaries we have
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a0 op
a0 =0l
op
9—5—0, r=1. (6)

3. MARGINAL STABILITY

The marginal stability problem is defined by the
linear version of equations (5) with boundary con-
ditions (6). This linear system is self-adjoint, giving
00/dt = 0 at the marginal state. The solution can then
be expressed by the following Fourier series :

1 i .
p= {§A0+ Z (A, cos ng+ B, smnqﬁ)} Cos oz
n=1
1
) !

where the Fourier coefficients (amplitudes) are func-
tions of r. To satisfy the boundary conditions at the
end sections the wave number « is given by

Go+ Y. (G, cosng+H,sin nd))} cos oz
n=1
N

mn

I m=0,1,2,.... ®)

o =

Introducing expansions (7) into equations (5) and
boundary conditions (6), equating terms with the
same ¢-dependence, we get two systems of ordinary
differential equations: one for 4,, H, and the other
for B,, G,. The system for B,, G, is

1 1
<d2+ rd_nz—az>B'1+éRa (<d+ L>Gn+l
-1
r
1 |
<d2+rd—n2—<x2+£Ra>G,, (<d+ i)BHI
n—1
— <d— T)B""> =0 (9

dB, =G, =0, (10)

Heren=0,1,2,...,G_,=G,and B_, = ~B,. We
notice the coordinate singularity at r = 0. However,
the pressure, velocity and temperature are finite single-
valued functions, which require at r = 0:

dB,=dG,=0, n=0,2,3

r=1.

1
lim — B, -llmlG =0,
r=or

1 1
lim (d— A>B, = lim (d— )G, =0. (11
r—0 r r—0 r

Both systems of equations also separate even and odd

n=2734
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values of the azimuthal modes. We therefore end up
with four independent systems. The coupled ampli-
tudes in each system become:

system I

(Bi,B;,...,Gy,Gs,...)
system 11

(B3, B4, ..., G,G4, ..
system III

(Ag, Asy....H\,Hs, .. )
system IV

(A, 4;,...,H. Hy, ).

We have found it convenient to solve the equations
by a power series expansion in r. On taking into
account conditions (11) the solution of equations (9)
for system I may be approximated by the finite series

S o ¥ B, 1,3, N,
i=0 j=0
N J
=r"Y ¢y 99r¥ n=02,...,N.
i=0 j=0
(12)

Here N represents the number of terms taken into
account in Fourier series (7), and N, and N, are odd
and even integers, respectively, equal to N or N—1.
The finite series introduced into equations (9) deter-
mine the coefficients b} and g5 for j > 0. For j =0
the coefficients are set equal to the Kronecker delta
é,,. Finally, conditions (10) determine the constants
¢; and generate an eigenvalue relation of the form
f(a, Ra) = 0. Tt turns out by computations that the
solution converges rapidly as N and J increase. For a
large number of « we have calculated the value of Ra
for (N, J) equal to (6, 20) and (9, 30). The difference
between the two values of Ra was always less than
1074,

The four systems of equations, denoted by T, II, III
and IV, give four different solutions. The cor-
responding neutral curves, also denoted by I, II, I
and IV, are shown in Fig. 1. The onset of convection
is determined by the solution with the lowest Rayleigh
number. It follows from the figure that solution I is
generated at the onset of convection whenever a # 0
(three-dimensional convection), whereas both I and
IT are generated when a = 0. Solutions III and IV are
not generated at the onset of convection for any value
of a.

The wave number « is restricted by the relation:
o = mn/L (equation (8)), where m is the mode number
in the direction of the cylinder axis. The value of « at
the onset of convection is the one giving the lowest
value of the Rayleigh number. This determines the
mode number m for a given value of L.

In Fig. 2 we have displayed Ra as a function of
Lform=0,1, 2,... corresponding to solution I in
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FiG. 1. The four neutral curves corresponding to solutions
L II, Il and IV.

Fig. 1. As shown in Fig. 2, the critical mode number for
Le[0, 0.86] is m = 0, giving Ra, = 46.27 and o, = 0.
In this case the convection is two-dimensional given
by solution I or solution II, or a linear combination
of these. Moreover, for the range Le[0.86, 2.60] the
critical mode number is m = 1. For the range L €[2.60,
4.41], m =2 and o = 2n/L, etc.
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In the limit of an infinite long cylinder & becomes a
free parameter, and the critical values are Ra, = 31.24
and «, = 1.76.

We have found that whenever L > 0.86 the onset
of convection is three-dimensional and caused by
solution I. Moreover, when L < 0.86 the convection is
two-dimensional and may be composed by any linear
combination of solutions I and II. The two-dimen-
sional flow patterns of solutions I and I are shown
in Fig. 3. Solution I gives a flow structure of two cells,
whereas the structure of solution II consists of three
cells.

It is well known in thermal convection problems
that the linear equations admit many different solu-
tions [8]. However, by taking into account the non-
linear terms the question of pattern may be deter-
mined. We shall therefore study the two-dimensional
version of equations (4) without cancelling the right-
hand side.

4. NON-LINEAR STABILITY ANALYSIS

In this section we shall examine the stability prop-
erties of the two- and three-cell structures occurring
for short cylinders at slightly supercritical Rayleigh
numbers. By taking into account the right-hand side
of equations (4), including the non-linear terms, we
derive the so-called Landau equations for the
problem. This non-linear system of equations will be
the basis for our stability analysis.

Since the motion is two-dimensional we introduce
the stream function y by

1 oy oy
v YT T (1

46.27|
Ra
us d
35 -
34 -
32 =
< -
31.24 {
9.787
30 1 1 ] 1 1 1 ) 1 L
0 2 4 6 8 L1

F1G. 2. Ra displayed as a function of L for different values of the mode number m.
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FIG. 3. Computed streamlines (solid) and isotherms (dotted) for solution I (left) and solution I (right).

where u and v are the radial and angular velocity
components, respectively. Introducing these expres-
sions into the two-dimensional version of equations
(4) we obtain

o0 100
2 - — =
v l//—l—Ra(arcosd) . ad)smd}) 0
1 {0y 1oy 0o
2p_ | YY v =Y .
Vo 2((arcos ra¢sm¢> a Y Vo
(14)
with the boundary conditions
y=6=0 at r=1. (15)

The solution of equations (14) and (15) can be
approximated by the formal expansions

Y=y, ++-
0=10,+0,+
Ra= Ra.+Ra,+Ra,+ . (16)
Moreover, we introduce multiple time scales given by
e 0 Gl
6~t=671+5£+m (17
We suppose
Y, =0() as ¢—0 (18)

holds uniformly, and similarly for the other quantities.
By introducing expansions (16) and (17) into equa-
tions (14) and equating terms of the same order, we
find an infinite set of linear equations.

The solutions of the first-order system satisfying
boundary conditions (15) may be written as

‘//l = Ql//Q+Sl/fSa 01 = Q0Q+SGS (19)

where 1/, 8, and Y, 04 are the solutions found in
the linear analysis, corresponding to the two- and

three-cell structures, respectively. Here Q and S are
amplitudes of order .

The operator on the left-hand side of equations (14)
is self-adjoint, see Appendix B. Applying the special
scalar product (B3) we find the following solvability
conditions for the second-order system:

0

Ra, =0, 87['

= 0. (20)
The solvability conditions of the third-order system
determine Ra, and 0/0t,. Neglecting the third-order
terms of the expansions for Ra and 9/0t, we get the

following Landau equations:

AQ%Q = ARQ—Py(Q*+2Ra. $H)Q

d
ASaS= ARS—Ps(Q*+2Ra. $)S 2D
where AR = Ra— Ra, and Ay, As, Py and Ps are
constants calculated to be

Ay =495 As=3.05

Py =Ps=P =766 22)

Equations (21) describe the evolution of the ampli-
tudes due to non-linear interactions.

For subcritical Rayleigh numbers, AR < 0, it fol-
lows that @ -0, S— 0 as 7 -» c0. For supercritical
Rayleigh numbers, AR > 0, the motionless con-
duction state Q = S = 0 is unstable. However, there
exist steady non-zero solutions satisfying

Q*+2Ra, S* = AR/P (23)
or we may write

____ AR o WAR
T P(14+2Ra. p?)’ ~ P(1+2Ra. p?)’

24

QZ
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FiG. 4. Computed streamlines (solid) and isotherms (dotted) for the composite solutions corresponding
to 2Ra, 1i* = 1/3 (left) and 3 (right).

Here u* may take any value from zero to infinity. The
@*-values zero and infinity represent the flow patterns
consisting of two and three cells, respectively (see Fig.
3). Any other value of i’ represents a composition
of the two- and three-cell structures. Two different
composite flow patterns are shown in Fig. 4.

By considering small perturbations superposed on
the steady state solutions (23), it is proved that the
solutions are stable for all values of 4. The non-linear
analysis therefore fails in selecting a preferred flow
pattern. This may be explained by the symmetry of
the problem as it appears in the Landau equations
(P, = Pg). Therefore, in order to find a preferred flow
one should include other effects, as for example a non-
linear term in the momentum equation (non-Darcy
fluid) or anisotropy [9]. However, in the next section
we shall show that small irregularities of the pre-
scribed temperature at the boundary select a unique
value of p.

In order to draw the bifurcation diagram it is con-
venient to introduce the amplitude A4 defined by

A> = Q*+2Ra, S’ 25)
From equation (23) we obtain
AR
=+ /=)
A _\/( P > (26)

Thus, according to the non-linear analysis, there is a
sharp transition from conduction to convection when
the Rayleigh number exceeds the critical value Ra,.
This is a so-called perfect bifurcation, sketched in
Fig. S.

5. SMOOTH TRANSITION BY THERMAL
FORCING

In the above section we found that for short cyl-
inders there is a sharp transition from the conduction

state to the convection state at Ra, = 46.27, when the
temperature at the cylinder wall varied linearly in the
vertical direction. However, it is easily shown that
for any other applied temperature, the transition to
convection occurs smoothly at Ra, = 0. Thermal per-
turbations of the circumferential temperature may
therefore alter the perfect bifurcation at Ra con-
siderably. We are now going to examine these effects.
This is of interest, because inaccuracies and different
forms of thermal noise are always present in exper-
iments and in applications.

Let 8f(¢) represent the temperature perturbation.
6 is a small parameter proportional to the magnitude
of the noise. It is convenient for the following analysis
to expand f(¢) in a Fourier series. The circumfer-
ential temperature is then given by

T, = Ty,—)sing

+é i (c, cos np+s, sin ng). (27)

n=1

Rac R0
F1G. 5. Sketch of the perfect bifurcation case: ——, stable
solution ; ————, unstable solution.
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Here the c,-terms correspond to the part of the per-
turbation that is symmetric about the horizontal
diameter. The s,-terms correspond to the asymmetric
part. The corresponding quasi-static temperature T

becomes
T,=T,—3rsin¢

+38 Y r(c, cos ng+s, sin ng).

n=1

(28)

Substituting for T, equations (14) are replaced by

-

v l//-l-Ra(aHCOSd) ! aism q,’))

= —~Rad i nr"” (¢, cos (n—1)¢ +s, sin (n—1)¢)

V0—<awco ¢— 6&// nd)) €§+ Vo

2\a TS ot
+(5n§nr"" { (?//sm n¢>+l :i cos n¢>
— 5, (Z—dr/ cos ng — az/; sin nd))} 29)

which constitute the governing equations for the per-
turbed problem.

To find steady solutions of equations (29) for values
of Ra close to Ra., we assume the double expansions

Z Z apéq('/’pq’ Opq’qu)

p=0g=0

(¥, 0, Ra) = (30)
where ¢ is the magnitude of the convection amplitude.
Notice, however, that the terms with ¢ = 0 correspond
to the non-linear solutions found in Section 4. The
terms with ¢ # 0 give the modification of those solu-
tions. The equations determining ,, and 8, are

—Ra, i nr"~'(c, cos (n—1)¢
L(Qy) = +s, sin (n—1)¢)

0

(b

where L and Q are defined in Appendix B. The solv-
ability condition of equation (31) requires

Ed

Y nlr" (e, cos (n—1D@+s, sin (n—1Dg)> =0

(32)

where ¢, represents the y,- and Y s-solutions of Sec-
tion 4. Conditions (32) are in general not satisfied
whenever any ¢, # 0. In that case expansions (30)
become invalid as Ra — Ra..

On the other hand, if all values of ¢, are zero,
condition (32) is satisfied for all values of s,. Expan-
sions (30) converge uniformly to expansions (16) and
(17) as 6> 0. Thus, for small asymmetric per-
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turbations about the horizontal diameter, the solu-
tions of equations (29) are similar to the solutions of
equations (14). The perfect bifurcation is replaced by a
weakly imperfect bifurcation. The transition remains
sharp, but is slightly perturbed.

If there exists ¢, # 0, expansions (30) break down
as Ra — Ra,, and new expansions must be determined.
This type of problem has been fully discussed by
Matkowsky and Reiss [5] and Tavantzis et al. [6],
using matched asymptotic expansions. See also Rees
and Riley [10]. The appropriate inner expansions are

Y=y 7y Y+
0=90,+7y20,+y"0;+
Ra = Ra,+y*Ra,+y>Ra,+ - (33)

where y = §'°. Moreover, to include the time, we take

0 0 d
E‘V 8t2+y E+ (34)
The problems of order y and y? are equivalent to
the first- and second-order problems considered in

Section 4. The O(y?®)-equations are
L(Qs)

—Ra, i nr*~'(c, cos (n—1)¢

n=1

—Ra, DO,

+s,sin (n—1)¢)
08,

+v, V02+V2 VHI
o,
(39%)

The solvability conditions of equation (35) give two
equations for Ra, in terms of Q, S, 6Q/0t, and 0S/0t,.
Omitting the details, the amplitude equations of the
problem now become

d
Ag ;0 = ARQ—P(Q*+2Ra, $?)Q+bg

d
As—S = ARS— P(Q+2Ra, S%)S+bs.

T (36)

Here A,, As and P are the same coefficients as in
Section 4, and
bp = Ra, 6{YypZnr'~
bs = Ra, 6{YsZnr"~

‘e, cos (n— 1>
e, cos (n—1)¢d.
We notice that the s, sin #¢ terms do not effect the
values of by and bg at O(5). We may therefore, without

loss of generality, exclude asymmetric perturbations
about the horizontal diameter.

(37

5.1. Discussions of the steady solutions

The amplitude equations (36) describe the evol-
ution of the amplitudes Q and S due to non-linear
interactions for AR of order 5%3. We consider arbi-
trary temperature perturbations, which generally
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imply that b, # 0 and by # 0. The amplitude equa-
tions then yield the following steady-state solutions:

S=uQ (38)
where
= bsiby (39)
and
P(1+2Ra. p*)0* —ARQ~p, = 0. (40)

This results in one, two or three solutions for S and
Q as Ra is less than, equal to, or greater than Ra,,
where

Ra, = Ra,+3{2P(1+2Ra. p*)b3}'"*.  (41)
We define the amplitude
A =/(1+2Ra. p*)Q (42)

which is consistent with equation (25). By solving Q
from equation (40) with b, positive we get the solu-
tions for 4 as shown in Fig. 6. A negative value of b,
reflects the solutions about the Ra-axis.

By standard methods it is easily proved that
the positive branch is stable for all 4. The negative
branches for Ra > Ra, are, however, unstable.

Considering |AR| — w0 in equation (40), we find
that the solutions are matched asymptotically to the
solutions found in Section 4. The positive branch
approaches \/(AR/P), and the lower negative branch
approaches —./(AR/P) (see equation (26)). More-
over, the zero-solution is approached by the positive
branch as AR— —cc, and by the upper negative
branch as AR — .

We notice that the perturbations of the cir-
cumferential temperature have changed the bifur-
cation dramatically. Figure 6 shows no sharp tran-
sition, as Fig. 5, from conduction to convection at
Ra = Ra., but a smooth transition at Ra = 0. The
perturbations result in a so-called imperfect bifur-
cation. Another important feature is that the ampli-

] 1

Ra_ Ra, RO
F1G. 6. Sketch of the imperfect bifurcation case : ——, stable
solution; ---- -+ —, unstable solution ; -———, perfect bifur-

cation curves.
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tudes @ and S now become fully determined by AR,
by and by. This is in contrast to the perfect bifurcation
case where o could take any real value, giving an
infinite number of steady solutions.

Finally, we turn to the question of preferred flow
pattern for two special types of perturbations, giving
imperfect bifurcation. The perturbations of the
applied temperature can be divided into symmetric
and asymmetric parts about the vertical diameter,
consisting of even and odd cos n¢ terms, respectively.
From equations (37) it follows that the symmetric
perturbations give by = 0, whereas symmetric per-
turbations give b, = 0. Furthermore, from equations
(38) to (40) it follows that S =0 and Q # 0, when
bs = 0. When b, = 0, we easily find that Q = 0 and
S # 0. Therefore, when the perturbations are sym-
metric about the vertical diameter, the flow consists
of the symmetric two-cell pattern. For asymmetric
perturbations the flow consists of the symmetric threc-
cell pattern. These types of flow are shown in Fig. 3.

6. SUMMARY

In the present paper we have considered natural
convection in a saturated porous medium confined by
a horizontal circular cylinder. The cylinder wall is
non-uniformly heated to establish a linear tem-
perature distribution in the vertical direction, and the
appropriate temperatures are assumed to be main-
tained on the walls at all times.

The analysis indicates that the critical Rayleigh
number Ra. and the corresponding wave number .
depend on the length L of the cylinder. The results
are displayed in Fig. 2 which gives Ra, as a function
of L. For long cylinders the convection is three-dimen-
sional. For a short cylinder (L < 0.86), however, the
onset of convection occurs at Ra, = 46.27 and «, = 0,
which means that the convection is two-dimensional.
Moreover, in this case the conduction state bifurcates
into two qualitatively different convective solutions.
One of the solutions gives a symmetric flow pattern
consisting of two counter-rotating rolls. The flow of
the second solution consists of three rolls. In order to
follow the solutions into the supercritical regime we
have derived the Landau equations of the problem. It
follows that both solutions are stable solutions of the
corresponding non-linear problem. We also find that
any linear composition of these two solutions is a
stable solution.

In experiments and in real applications the sharp
transition rarely occurs. Usually one observes that the
transition occurs smoothly. Imperfections, impurities
or other inhomogeneities tend to distort the
transition. We have studied these effects by con-
sidering small perturbations (thermal forcing) super-
posed the temperature of the cylinder wall. In the case
that the perturbations are not asymmetric about the
horizontal diameter of the cylinder, the transition is
changed dramatically. The transition now emanates
smoothly from Ra = 0. Moreover, the corresponding
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non-linear flow turns out to be uniquely determined.
On the other hand, when the perturbations are asym-
metric about the horizontal diameter, we find that the
perturbations modify, but do not destroy the sharp
transition. This is a so-called weak imperfection case.
However, since thermal noise is arbitrary and always
present in experiments, it is unlikely that weak imper-
fect or perfect bifurcation will be observed. We would
expect smooth transition in experiments of the present
problem.
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APPENDIX A. THE CIRCUMFERENTIAL
TEMPERATURE

To establish the prescribed temperature
Ty = To—3AT sin ¢ (Al

at the boundary of the cylinder, we consider the steady-state
conduction in a large plate with a circular hole of radius r,.
Let (x, y) be Cartesian coordinates with the origin at the
centre of the hole. Moreover, (r, ¢) denote polar coordinates
with the line ¢ = 0 along the x-axis and r? = x2+y?. We
want to find the temperature of the plate under the following
conditions : no heat exchange takes place with the hole; no
heat conduction in the direction normal to the plate ; at large
values of r the heat is conducted in the y-direction, only. The
system to be solved, giving T = T, at r = r,, is then

a? a2
(5;3*@)“0’
or _
I

r>rg

0, r=rg

FiG. Al. The temperature distribution of the plate outside
the hole of radius r,. The dashed curves represent the
isotherms. The temperature difference is equal to AT
between each pair of neighbouring isotherms. The solid lines
at T+ 3AT represent boundaries of constant temperature.
The double lines normal to the isotherms represent insulated

boundaries.
or or AT
b ey — A A
Ix o ﬁy" 4r’ o (A42)
The solution is
AT ré
or in polar coordinates
AT ry )
T—TO'—'ZG‘O‘(l'*' ﬁ)rsmd). (A4)

The temperature distribution of the plate is shown in Fig.
Al. The same temperature distribution may also be achieved
in a plate of finite extent. For example, as illustrated in
Fig. Al, by introducing boundaries of constant temperature
along two isotherms and insulated boundaries normal to the
isotherms.

APPENDIX B. SELF-ADJOINTNESS OF
EQUATION (14)

The left-hand side of equation (14) may be written as

Vv RaD|ly
[__;D v ][9]=L(Q)=0 (BI)
where
N
D=COS¢5;—SIH¢“;5$. (BZ)

Let Q' and Q" be any functions which satisfy the same bound-
ary conditions as 2. We define the scalar product

{, 0" = (Yy">+2Ral'0”) (B3)
where () is the average over the entire volume, i.e.
! 1 2%
(» =§;£J; L ( )dgrdr (B84

Then the operator L has the following property of self-
adjointness :

(. L@} = (@, L)} (BS)
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L. STORESLETTEN and M. TVEITEREID
CONVECTION NATURELLE DANS UN CYLINDRE POREUX HORIZONTAL

Résumé—On considere la convection naturelle dans un cylindre horizontal & section circulaire et poreux.
La paroi du cylindre est chauffée de fagon non uniforme pour créer une température linéaire dans la
direction verticale, avec les sections terminales parfaitement isolées. Quand L > 0,86, un écoulement unique
tridimensionnel est déterminé au début de la convection. Pour des cylindres courts (L < 0,86) la convection
est bidimensionnelle. Dans ce cas il existe deux solutions permanentes differentes aux nombres de Rayleigh
supercritiques, consistant respectivement en deux et trois rouleaux. On prouve que les deux structures
d’écoulement et une composition quelconque de ces structures sont stables. Néanmoins, en introduisant
un forgage thermique dans la température appliquée, I'écoulement devient déterminé de fagon unique.

NATURLICHE KONVEKTION IN EINEM WAAGERECHTEN POROSEN ZYLINDER

Zusammenfassung—Die natiirliche Konvektion in einem pordsen waagerechten Kreiszylinder wird betrach-
tet. Um eine lineare Temperaturverteilung in senkrechter Richtung zu erreichen, wird die Zylinderwand
ungleichférmig beheizt ; die Stirnflichen des Zylinders sind adiabat. Fir L > 0,86 ist die Strémung beim
Einsetzen der Konvektion dreidimensional, fir kurze Zylinder (L < 0,86) zweidimensional. In diesem Fall
existieren bei Uberkritischen Rayleigh-Zahlen zwei unterschiedliche stationdre Losungen mit zwei bzw. drei
Konvektionswalzen. Es zeigt sich, daBl beide Stromungsformen und beliebige Mischformen stabil sind.
Wenn jedoch eine treibende Temperatur aufgeprigt wird, erhilt man eine eindeutige Losung.

ECTECTBEHHAS KOBEKLIUSI B TOPU3OHTAJIBHOM LWJIMHAPE U3 MOPUCTOI'O
MATEPHAJIA

Annorams—H/ccnenyeTcs ecrecTBeHHas KOHBEKIMS B TOPH3OHTAJIbHOM KPYTrOBOM IHJIHHAPE H3 NMOPHC-
Toro mMartepuana. CTeHka LIMIMHIPAa HEPABHOMEPHO HArpeBaeTCs, TAK YTO YCTAHABIMBAETCs JIMHEHHOE
pacnpenesieHHe TEMIIEpaTypbl B BEPTHKAJILHOM HaIpaBJICHHH, B TO BPEeMs KakK TODUEBbIE IOBEPXHOCTH
NMOJIHOCTBIO H30HpoBassl. [Ipu L > 0,86 nocne BO3HHKHOBEHHS KOHBEKIMHA HMEET MECTO ORHO3HAYHOE
pelieHMe B BHAE TPEXMEPHOro TedeHus. B ciyvae mwmHapoB Manol jumMsbl (L < 0,86) koHBeKLHS ABJI-
fieTCA JBYMEPHOIl, NpHYEM [UTA 3aKPHTHYECKHX 4Mces Panes cymuexTBylOT ABa pa3/iMYHEIX CTAUHOHAp-
HBIX pelleHHs, COCTOALIMX COOTBETCTBEHHO H3 JBYX M Tpex BaJjoB. JlokaszaHo, 4To obe CTpYKTyphl
TeuyeHHs H 106as X KOMINO3HLMA ABJIAIOTCA YCTOHYMBBIMA. OXHAKO NIPH BHELIHEM TEIIOBOM BO3IEHCT-
BHH Te4YeHHE OIpeNesIfseTCs ONHO3HAYHO.



